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Abstract. A technical obstruction preventing the conclusion of nonlinear stability of large-Froude
number roll waves of the St. Venant equations for inclined thin film flow is the “slope condition” of
Johnson-Noble-Zumbrun, used to obtain pointwise symmetrizability of the linearized equations and
thereby high-frequency resolvent bounds and a crucialHs nonlinear damping estimate. Numerically,
this condition is seen to hold for Froude numbers 2 < F / 3.5, but to fail for 3.5 / F . As hydraulic
engineering applications typically involve Froude number 3 / F / 5, this issue is indeed relevant to
practical considerations. Here, we show that the pointwise slope condition can be replaced by an
averaged version which holds always, thereby completing the nonlinear theory in the large-F case.
The analysis has potentially larger interest as an extension to the periodic case of a type of weighted
“Kawashima-type” damping estimate introduced in the asymptotically-constant coefficient case for
the study of stability of large-amplitude viscous shock waves.

1. Introduction

The St. Venant equations of inclined thin film flow, in nondimensional Lagrangian form, are

(1.1)

∂tτ − ∂xu = 0,

∂tu+ ∂x

(
τ−2

2F 2

)
= 1− τ u2 + ν∂x(τ−2∂xu),

where τ = 1/h is the reciprocal of fluid height h, u is fluid velocity averaged with respect to height,
x is a Lagrangian marker, F is a Froude number given by the ratio between a chosen reference speed
of the fluid and speed of gravity waves, and ν = R−1

e , with Re the Reynolds number of the fluid. The
terms 1 and τu2 on the righthand side of the second equation model, respectively, gravitational
force and turbulent friction along the bottom. Roughly speaking, F measures inclination, with
F = 0 correspond to horizontal and F →∞ to vertical inclination of the plane.

An interesting and much-studied phenomenon in thin film flow is the appearance of roll-waves,
or spatially periodic traveling-waves corresponding to solutions

(1.2) (τ, u)(x, t) = (τ̄ , ū)(x− ct)
of (1.1). These are well-known hydrodynamic instabilities, arising for (1.1) in the region F > 2
for which constant solutions, corresponding to parallel flow, are unstable, with applications to
landslides, river and spillway flow, and topography of sand dunes and sea beds [BM].

Nonlinear stability of roll-waves themselves has been a long-standing open problem. However,
this problem has recently been mostly solved in a series of works by the authors together with
Barker, Johnson, and Noble; see [JZN, BJRZ, BJNRZ1, JNRZ, BJNRZ2]. More precisely, it has
been shown that, under a certain technical condition having to do with the slope of the traveling-
wave profile (τ̄ , ū), spectral stability in the sense of Schneider [S1, S2, JZN], implies linear and
nonlinear modulational stability with optimal rates of decay, and, moreover, asymptotic behavior is
well-described by a formal second-order Whitham equations obtained by WKB expansion.
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In turn, spectral stability has been characterized analytically in the weakly unstable limit F → 2
and numerically for intermediate to large F in terms of two simple power-law descriptions, in the
small- and large-F regimes, respectively, of the band of periods X for which roll waves are spectrally
stable, as functions of F and discharge rate q (an invariant of the flow describing the flux of fluid
through a given reference point) [BJNRZ2]. That is, apart from the technical slope condition,
there is at this point a rather complete theory of spectral, linear, and nonlinear stability of roll
wave solutions of the St. Venant equations. However, up to now it was not clear whether failure of
the slope condition was a purely technical issue or might be an additional mechanism for instability.

Precisely, this slope condition reads, in the Lagrangian formulation (1.1)–(1.2), as

(1.3) 2νūx < F−2,

where ū is the velocity component of traveling wave (1.2). It is seen numerically to be satisfied
for F / 3.5, but to fail for F ' 3.5 [BJNRZ2]. For comparison, hydraulic engineering applications
typically involve Froude numbers 2.5 / F / 20 [A, Br1, Br2]; hence (1.3) is a real restriction.

The role of condition (1.3) in the stability analysis is to obtain pointwise symmetrizability of the
linearized equations and thereby high-frequency resolvent bounds and a crucial nonlinear damping
estimate used to control higher derivatives in a nonlinear iteration scheme. The purpose of the
present brief note is to show, by a refined version of the energy estimates of [JZN, BJRZ], that the
pointwise condition (1.3) can be replaced by an averaged version that is always satisfied, while still
retaining the high-frequency resolvent and nonlinear damping estimates needed for the nonlinear
analysis of [JZN, JNRZ], thus effectively completing the nonlinear stability theory.

The remainder of this paper is devoted to establishing the requisite weighted energy estimates,
first, in Sections 2-3, in the simplest, linear time-evolution setting then, in Sections 4.1 and 4.2,
respectively, in the closely related high-frequency resolvent and nonlinear time-evolution settings.
The estimates so derived may be seen to be periodic-coefficient analogs of weighted “Kawashima-
type” estimates derived in the asymptotically-constant coefficient case for the study of stability
of large-amplitude viscous shock waves [Z1, Z2, GMWZ], to our knowledge the first examples of
such estimates specialized to the periodic setting. We discuss this connection in Sections 5-Section
6. We note, finally, the relation between these weights and the “gauge functions” used for similar
purposes in short-time (i.e., well-posedness) dispersive theory [LP, BDD], a connection brought
out further by our choice of notation in the proof. This indicates perhaps a potential for wider
applications of these ideas in the study of periodic wave trains.

2. Preliminaries

Making the change of variables x→ x− ct to co-moving coordinates, we convert (1.1) to

(2.1)
τt − cτx − ux = 0,

ut − cux + ((2F 2)−1τ−2)x = 1− τu2 + ν(τ−2ux)x,

and the traveling-wave solution to a stationary solution U = Ū(x) convenient for stability analyis.
We note for later that the traveling-wave ODE becomes

(2.2) −cτ̄x − ūx = 0, ūt − cūx + ((2F 2)−1τ̄−2)x = 1− τ̄ ū2 + ν(τ̄−2ūx)x,

yielding the key fact that

(2.3) f(τ̄)ūx = cf(τ̄)τ̄x

is a perfect derivative for any function f(·), hence zero mean. We note also as in [JZN] that c 6= 0,
else u ≡ constant and the equation for τ reduces to first order, hence does not admit nontrivial
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periodic solutions. Linearizing about Ū gives the linearized equations

(2.4)
τt − cτx − ux = 0,

ut − cux − (α)τ)x = ν(τ̄−2ux)x − ū2τ − 2ūτ̄u,

where

(2.5) α := τ̄−3(F−2 + 2ν̄̄ux).

With this notation, the slope condition of [JZN] appears as τ̄3α > 0. We note that, by (2.3), the
mean over one period of g(τ̄)α is positive for any g:

(2.6) 〈g(τ̄)α〉 = 〈g(τ̄)F−2〉 > 0.

That is, the slope condition holds always in an averaged sense.1 We shall show in the rest of the
paper that this averaged condition is in fact sufficient for the nonlinear analysis of [JZN, JNRZ].

3. Linear damping estimate

Define now the energy

(3.1) E(U) :=

∫ (1

2
φ1(x)τ2

x +
1

2
φ2(x)τ̄3u2

x + φ3(x)τux

)
.

A brief computation yields

(3.2)

d

dt
E(U(t)) =

∫ (
− (

c

2
(φ1)x + αφ3)τ2

x − (
ν

τ̄2
φ2)u2

xx + (φ1 − αφ2 +
ν

τ̄2
φ3)τxuxx

)
+O

(
‖u‖H2 + ‖τ‖H1)(‖u‖H1 + ‖τ‖L2)

)
.

Taking

(3.3)
c

2
(φ1)x +

(ατ̄2

ν
− 〈ατ̄

2〉
ν

)
φ1 = 0,

(3.4) φ1 − αφ2 +
ν

τ̄2
φ3 = 0,

and

(3.5) 0 < φ1, 0 < φ2 ≡ constant� 1,

we obtain after another brief computation

(3.6)

d

dt
E(U(t)) =

∫ (
−
[〈τ̄2α〉

ν
φ1 −

α2τ̄2

ν
φ2

)
τ2
x −

( ν
τ̄2
φ2

)
u2
xx

]
+O

(
‖u‖H2 + ‖τ‖H1)(‖u‖H1 + ‖τ‖L2)

)
≤ −η1(‖uxx‖2L2 + |τx‖2L2) + C1

(
‖u‖H2 + ‖τ‖H1)(‖u‖H1 + ‖τ‖L2)

)
,

whence, by Sobolev embedding and the fact that E(U) ∼ (‖ux‖2L2 + |τx‖2L2) modulo ‖τ‖2L2 ,

(3.7)
d

dt
E(U(t)) ≤ −ηE(U(t)) + C‖U(t)‖2L2 ,

a standard linear damping estimate.
Note that, in the last step E(U) ∼ (‖uxx‖2L2 + |τx‖2L2), we have used in a critical way that∫ (
ατ̄2

ν −
〈ατ̄2〉
ν

)
, hence φ1, remains bounded, a consequence of periodicity plus zero mean.

1Here and elsewhere we use 〈h〉 to denote mean over one period of a function h.
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4. Applications

4.1. High-frequency resolvent bound. Consider now the resolvent equation

(4.1) (λ− L)U = F, U = (τ, u).

Letting 〈·, ·〉 denote complex inner product, we find by computations essentially identical to those
in Section 3, substituting λU for Ut, that, defining φj as in (3.3)–(3.5), and

E(U) := 〈φ1ux, ux〉+ 〈φ2τx, τx〉+ 〈φ3τ, ux〉,

that

(4.2)

<λE(U) = <(〈φ1ux, λux〉+ 〈φ2τx, λτx〉+ 〈φ3τ, λux〉

=

∫ (
− (

c

2
(φ1)x + αφ3)τ2

x − (
ν

τ̄2
φ2)u2

xx + (φ1 − αφ2 +
ν

τ̄2
φ3)τxuxx

)
+O

(
‖u‖H2 + ‖τ‖H1)(‖u‖H1 + ‖τ‖L2)

)
+O(‖Ux‖L2‖Fx‖L2)

≤ −ηE(U) + C(‖U‖2L2 + ‖F‖2H1).

Combining (4.2) with the with easy estimate |λ|‖U‖2L2 = |〈U, λU〉| ≤ C(‖U‖2H1 + ‖F‖2L2), or

‖U‖2L2 ≤ C|λ|−1(‖U‖2H1 + ‖F‖2L2),

we get for |λ| � 1, the estimate (<λ+ η)‖U‖2H1 ≤ ‖F‖2H1 , yielding a uniform resolvent bound

‖U‖2H1 ≤ C‖F‖2H1

for <λ ≥ −η/2 and |λ| sufficiently large, as required in the analysis of [JZN, JNRZ].

4.2. Nonlinear damping estimate. Following [JZN, JNRZ], introduce the perturbation variable

(4.3) V (x, t) = Ũ(x− ψ(x, t), t)− Ū(x)

where Ũ(x, t) = (τ̃ , ũ)(x, t) is a second solution of the St. Venant equations close to the background
profile Ū = (τ̄ , ū), and the real-valued function ψ(x, t) is a phase shift to be determined together
with V . A key identity established in [JZN, JNRZ] is

(∂t − L) (V + ψŪx) = ∂xN + ∂t(V ψx)− ∂x(V ψt),

where N = O((|V, Vx, ψx,t||V, ψx,t|) so long as V and ψx,t remain small. Recalling that LŪx = 0,
∂tŪx = 0, we find that we may rewrite this as

(4.4) ((1 + ψx)∂t − L)V = ∂xN2 +M2,

where N2 = O((|V, ux, ψx,t||V, ψx,t|), ∂xN2 = O((|Vx, uxx, ∂xψx,t||V, ψx,t|) and M2 = O(|ψx,t, ψxx|),
∂xM2 = O(|ψx,t, ψxx|) +O(|∂xψx,t, ψxxx|), so long as V and ψx,t remain small.

Defining the modified energy

(4.5) E2(U) :=

∫
(1 + ψx)

(1

2
φ1(x)τ2

x +
1

2
φ2(x)τ̄3u2

x + φ3(x)τux

)
,

repeating the argument of Section 3, absorbing nonlinear terms into the linear ones and separating
out ψx,t terms using Young’s inequality, we obtain in analogy to (3.7), the nonlinear estimate

d

dt
E2(V ) ≤ −ηE2(V ) + C

(
‖V (t)‖2L2 + ‖(ψt, ψx)(t)‖2H1

)
, η, C > 0.

Differentiating the equations and performing the same estimate on ∂kxV , we obtain likewise

(4.6)
d

dt
E2(∂kxV ) ≤ −ηE2(∂kxV ) + C

(
‖V (t)‖2L2 + ‖(ψt, ψx)(t)‖2Hk

)
, η, C > 0,
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so long as ‖v, ψx,t‖Hk remains sufficiently small. Applying Gronwall’s inequality and recalling that

E(∂kxV ) ∼ ‖∂kxV )‖2L2 modulo lower-derivative terms, we obtain the following key estimate showing
that higher Sobolev norms ‖V ‖Hk are slaved to ‖V ‖L2 and ‖ψx,t‖Hk , the final estimate needed for
the analysis of [JZN, JNRZ], without assuming the slope condition (1.3).

Proposition 4.1 (Nonlinear damping). There exist η, C > 0 such that if V and ψ solve (4.4)
on [0, T ] for T > 0 such that supt∈[0,T ] ‖(V, ψx)(t)‖HK(R) + supt∈[0,T ] ‖ψt(t)‖HK−1(R) is sufficiently
small, then, for all 0 ≤ t ≤ T ,

‖V (t)‖2HK(R) ≤ Ce
−θt‖V (0)‖2HK(R)

+ C

∫ t

0
e−θ(t−s)

(
‖V (s)‖2L2(R) + ‖(ψt, ψx, ψxx)(s)‖2HK−1(R)

)
ds.

4.3. Stability and asymptotic behavior. We state for completeness the resulting theorem on
nonlinear stability and asymptotic behavior. For Bloch operators Lξ := e−iξxLeiξx acting on
periodic period-one functions, ξ ∈ [−π, π) ⊂ R, diffusive spectral stability [JZN, JNRZ, S1] is:

(D1) L0 has zero-eigenspace of dimension 2 at λ = 0 and no other pure imaginary eigenvalues.
(D2) <σ(Lξ) ≤ −θ|ξ|2 for some constant θ > 0.

Parametrizing the traveling-wave solutions (up to translation) near Ū by

Ūk,M (kx+ ω(M,k)t),

where M is the mean of ūM,k over one period and k is the wave number, we obtain by WKB
expansion U(x, t) ∼ Ū (M,k)(x,t)(Ψ(x, t)), where (M,k) satisfy the associated formal second-order
Whitham equations

(4.7)
Mt + Fx = (d1(M,k)Mx + e1(M,K)kx)x,

kt + ωx = (d2(M,k)Mx + e2(M,K)kx)x,

where k ∼ Ψx, F is the mean over one period of F (ŪM,k, ω = ω(M,k) as above is the nonlinear
dispersion relation associated with the profile existence problem, and dj , ej are coefficients obtained
by more complicated higher-order compatibility conditions. For derivations, see [W, Se, NR, JNRZ].

Then, from the estimates just derived, combined with the previous analysis of [JNRZ], we obtain
the following comprehensive result on nonlinear stability and asymptotic behavior of roll waves.

Theorem 4.2 (Asymptotic behavior). Let η > 0, arbitrary, and K ≥ 4. Under the assumptions

(D1)–(D2) and E0 := ‖Ũ − Ū(· + h‖L1∩H5 |t=0 + ‖hx‖L1∩H5 � 1, and suitable parametrization,
there exist M(x, t), and ψ(x, t) such that ψ(·, 0) = h0 and, with global phase shift ψ∞ = (h0(−∞)+
h0(∞))/2, for t ≥ 0, 2 ≤ p ≤ ∞,

(4.8)

‖Ũ(· − ψ(·, t), t)− UM̄+M(·,t),k∗/(1−ψx(·,t))(·)‖Lp(R) . E0 ln(2 + t) (1 + t)−
3
4 ,

‖(k∗ψx,M)(t)‖Lp(R) . E0(1 + t)−
1
2

(1−1/p),

‖ψ(t)− ψ∞‖L∞(R) . E0.

Moreover, setting Ψ(·, t) = (Id − ψ(·, t))−1, κ = k∗∂xΨ, M(·, t) = (M̄ + M(·, t)) ◦ Ψ(·, t), and
defining (MW , κW ) to be solutions of (4.7) with initial data

(4.9)
MW (·, 0) = M̄ + Ũ0 − Ū ◦Ψ(·, 0) +

(
1

∂xΨ(·, 0)
− 1

)(
Ū ◦Ψ(·, 0)− M̄

)
,

κW (·, 0) = k∗∂xΨ(·, 0), ΨW (·, 0) = Ψ(·, 0),
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we have, for t ≥ 0, 2 ≤ p ≤ ∞,

(4.10)
‖(M, κ)(t)− (MW , κW )(t)‖Lp(R) . E0(1 + t)−

1
2

(1−1/p)− 1
2

+η,

‖Ψ(t)−ΨW (t)‖Lp(R) . E0(1 + t)−
1
2

(1−1/p)+η;

in particular, κ = k∗∂xΨ, κW = k∗∂xΨW , and

(4.11)
‖Ũ(·, t)− UM(·,t),κ(·,t)(Ψ(·, t))‖Lp(R) . E0 ln(2 + t) (1 + t)−

3
4 ,

‖Ũ(·, t)− UMW (·,t),κW (·,t)(ΨW (·, t))‖Lp(R) . E0(1 + t)−
1
2

(1−1/p)+η.

5. The shock wave case

We next turn to the connection with viscous shock theory, showing that the same linear damping
estimate (3.7) may be obtained by essentially the same argument in the asymptotically-constant,
viscous shock wave case, thus recovering the bounds established in [Z1, Z2, GMWZ] by related
but slightly different weighted Kawashima-type energy estimates.2 The equations of isentropic gas
dynamics in Lagrangian coordinates, expressed in a comoving frame are

(5.1)
∂tτ − c∂xτ − ∂xu = 0,

∂tu− c∂xu+ ∂xp(τ) = ν∂x(τ−1∂xu),

where τ is specific volume, u is velocity, and p is pressure.
Traveling waves (τ, u)(x, t) = (τ̄ , ū)(x) satisfy the profile ODE

−c2τ − p(τ) + q = cu′/τ, q = constant.

We note as in the periodic case that c 6= 0, else u, p(τ) ≡ constant, yielding τ ≡ constant, a trivial
solution. Assume that the shock is noncharacteristic, i.e., −p′(τ±) 6= c2, hence τ± are nondegenerate
equilibria and the shock profile decays exponentially to its endstates as x→ ±∞.

The linearized equations are

(5.2) τt − cτx − ux = 0, ut − cux − (α)τ)x = ν(τ̄−1ux)x,

where α := p′(τ̄) + ν ūxτ̄ . Define I
(
ατ̄2

ν

)
to be a smooth interpolant between ατ̄2

ν |x=±∞ such that

(5.3)
ατ̄2

ν
− I
(ατ̄2

ν

)
= O(e−θ|x|).

Taking as before E(U) :=
∫ (

1
2φ1(x)τ2

x + 1
2φ2(x)τ̄3u2

x + φ3(x)τux

)
, we find again

(5.4)

d

dt
E(U(t)) =

∫ (
− (

c

2
(φ1)x + αφ3)τ2

x − (
ν

τ̄2
φ2)u2

xx + (φ1 − αφ2 +
ν

τ̄2
φ3)τxuxx

)
+O

(
‖u‖H2 + ‖τ‖H1)(‖u‖H1 + ‖τ‖L2)

)
.

Taking c
2(φ1)x +

(
ατ̄2

ν − I
(
ατ̄2

ν

))
φ1 = 0, φ1 − αφ2 + ν

τ̄2φ3 = 0, 0 < φ1, and 0 < φ2 ≡ constant� 1,

we thus have

(5.5)

d

dt
E(U(t)) =

∫ (
−
[
I
( τ̄2α

ν

)
φ1 −

α2τ̄2

ν
φ2

)
τ2
x −

( ν
τ̄2
φ2

)
u2
xx

]
+O

(
‖u‖H2 + ‖τ‖H1)(‖u‖H1 + ‖τ‖L2)

)
≤ −η1(‖uxx‖2L2 + |τx‖2L2) + C1

(
‖u‖H2 + ‖τ‖H1)(‖u‖H1 + ‖τ‖L2)

)
,

2The weights used in [Z1, Z2, GMWZ] are effectively φ1 = φ2 >> φ3, (φ1)x = −C
(
ατ̄2

ν
− I

(
ατ̄2

ν

))
φ1, C >> 1.
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and thereby the same linear damping estimate as in the periodic-coefficient case:

(5.6)
d

dt
E(U(t)) ≤ −ηE(U(t)) + C‖U(t)‖2L2 .

As in the periodic case, a crucial point is that
∫ (

ατ̄2

ν − I
(
ατ̄2

ν

))
, hence φ1, remains bounded,

so that E(U) ∼ (‖uxx‖2L2 + |τx‖2L2) modulo ‖τ‖2L2 , a property following in this case by exponential
decay, (5.3).

6. Discussion: relation to the asymptotically-constant case

The above may be recognized as exponentially weighted Kawashima-type estimates similar to
that used in the study of viscous shock stability in [Z1, Z2, GMWZ], reflecting the growing analogy
the periodic and asymptotically constant case, as evidenced for example by the relation between
Floquet’s Lemma on periodic coordinate transformation of periodic- to constant-coefficient systems
of equations vs. the Conjugation Lemma of [MZ] on asymptotically constant-coefficient coordinate
transformations from asymptotically constant- to constant-coefficient systems.

For a general hyperbolic-parabolic principal part Ut + AUx = (BUx)x, <B ≥ 0, a Kawashima-
type estimate is on an energy E(U) := 〈U,A0U〉+ 〈UK∂x, U〉+ 〈Ux, A0Ux〉, where A0 is symmetric
positive definite and K is skew symmetric, chosen, where possible, so that

(6.1) <(A0B +KA) > 0.

For small-amplitude shocks, this may typically be achieved globally, but for large-amplitude waves
it can be done typically only near x→ ±∞ where A is symmetrizable.

A key to the treatment of large-amplitude viscous shock waves, first carried out in [MaZ], moti-
vated by some clever “transverse” energy estimates of Goodman [G] in the study of small-amplitude
stability, is to introduce an asymptotically constant exponential weight in the energy:

E2(U) := 〈U, φA0U〉+ 〈UφK∂x, U〉+ 〈Ux, φA0Ux〉,
recovering coercivity in the near field |x| ≤ C where (6.1) fails. In the present case,

A =

(
−c −1
α −c

)
, K =

(
0 1
−1 0

)
, A0 = diag

for either of the St. Venant or isentropic compressible Navier–Stokes equations. The issue in the
latter case is that symmetrizability holds in general only in the limits x→ ±∞, in the former that
it holds only on average, but not pointwise. In either case, we have seen that energy estimates can
be recovered by the use of appropriate asymptotically-constant, or periodic exponential weights.
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